The specific features of nonlinear pair production and radiation processes in an ultratsrong rotating electric field are investigated, taking into account that this field models the antinodes of counterpropagating laser beams. It is shown that a particle in a rotating electric field acquires an effective mass which depends on its momentum absolute value as well as on its direction with respect to the field plane. This phenomenon has an impact on the nonlinear Breit-Wheeler and nonlinear Compton processes. The spectra of the produced pairs in the first case, and the emitted photon in the second case, are shown to bear signatures of the effective mass. In the first case, the threshold for pair production by a γ-photon in the presence of this field varies according to the photon propagation direction. In the second case, varying the energy of the incoming electron allows for the measurement of the momentum dependence of the effective mass. Two corresponding experimental setups are suggested.
A strong field may modify the mass of the particles with which it interacts. This phenomenon, originally introduced in the context of particle physics (the Higgs mechanism [1] ), may be also found in condensed matter [2] , plasma [3] , and strong field QED [4] [5] [6] . In the latter, the effective mass significantly deviates from the vacuum mass for large values of the classical strong field parameter ξ ≡ ea/m [7] , where a is the amplitude of the laser vector potential A µ , and −e and m are the electron charge and mass, respectively; relativistic units = c = 1 are used. Contemporary optical lasers [8, 9] may reach ξ ∼ 100 and a significant increase is expected in the next generation laser facilities [10, 11] . Consequently, the effective mass is expected to play a significant role in the interaction of such intense beams with matter.
In the realm of the strong field QED, the perturbation treatment is developed based on solutions of the Dirac equation in the presence of the external field [12] . The fundamental quantity of this theory is the quantum strong field parameter χ ≡ e −(F µν P ν ) 2 /m 3 [7] , where P ν = (E, P) is the kinetic four-momentum, a bold letter stands for a 3-vector and F µν = ∂ µ A ν − ∂ ν A µ is the field tensor. In the limit χ → 0 the classical electrodynamic is recovered. The lowest order processes described by this theory are [7, 13] non-linear Compton (NLC), where an electron absorbs s-laser photons to emit an energetic photon, nonlinear Breit-Wheeler (NLBW), where an electron positron pair is created following the absorption of a γ-photon and s-laser photons, and the Schwinger mechanism [14] , where the strong field induces a pair creation from the vacuum. Due to the dressing of the electron mass by a strong laser field, the kinematic associated with these processes is modified with respect to the weak field case. In particular, one may show [7] that the quantity appearing in the energymomentum conservation is the cycle-averaged momentumP µ . The NLC and NLBW processes are a crucial part in the physical picture of the interaction of high intensity laser with matter, see e.g. [15] [16] [17] [18] [19] [20] [21] . For a long time, the only experimental investigation of these processes was the E-144 experiment carried out in SLAC [22, 23] , where the effective mass was not directly observed. Recently, however, several experiments aiming at strong field QED were reported [24] [25] [26] [27] , bringing closer the perspective to measure the effective mass.
Theoretical investigation of the effective mass requires a solution for the dynamics of the particle in the presence of the field. It is well known that for a plane wave field (PWF) the Dirac equation admits an analytical solution [28] . Owing to its high relevance to laser matter experiment, most of the existing literature concerning the effective mass relies on this solution. It was shown to depend on the laser polarization [7] and the shape of the laser pulse [29] , and leaves signatures in the radiation spectrum [30] . The definition of the effective mass becomes more elusive for non-periodic fields such as few cycles pulses [31] [32] [33] [34] [35] . Another field configuration bearing significance to laser matter interaction is the oscillating electric field. This field models the antinode of a standing wave, created by two counterpropagating laser beams. Note that the electrons are expected to be trapped in the antinodes of the standing laser wave in the anomalous radiative trapping regime [36] . Several approximations to the corresponding wave function were discussed in the context of various strong field processes [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . The effective mass and its consequences, however, were explicitly considered only for the limiting case of a vanishing particle momentum [49] .
In this letter, the role of the effective mass for nonlinear QED in a strong rotating electric field (REF) is investigated. We derive the analytic expression for the effective mass of a particle in the presence of REF and show that it depends not only on the field parameters but also on the particle momentum. Namely, two particles propagating in different direction or velocity in the same field acquire a different mass. The effect of the dressed mass on the probabilities of NLC and NLBW processes, and on the spectra of photons or created electronpositron pairs are explored by analytical and numerical means. Furthermore, two experimental scenarios are suggested to detect a measurable signature of this phenomenon.
A possible realization of REF in laboratory may be achieved using counterpropagating circularly polarized laser beams, as illustrated schematically in Fig. 1 . In the antinodes of the standing wave created by the beams the magnetic components of the two beams cancel each other and the field can be approximated as REF. . Without loss of generality we assume that the particle propagates in the (x-z)-plane, so that p = p(sin θ, 0, cos θ), where p ≡ |p| and θ is the angle between p and the z-axis, transverse to the polarization plane. The cycleaverage energy is given byĒ = 2GE 2 (µ)/π [40] , where E 2 is the elliptic integral of the second kind, µ ≡ 4mξ p| sin θ|/G . Generally speaking, the effective mass depends on 3 quantities: ξ, p and θ. In the following we examine analytically its limits. For a particle initially propagating perpendicular to the field plane, i.e. θ = 0, as well as for p = 0, one obtains µ = 0. Consequently, since E 2 (0) = π/2, the effective mass recovers its PWF value m * = m P * ≡ m 1 + ξ 2 . It coincides with the result of [49] , which was obtained for vanishing momentum. An explanation to this fact is suggested later on. In the case of p mξ, one obtains µ 1. Since the first order Taylor expansion of E 2 with respect to µ vanishes, this limit corresponds, up to second order, to m * ≈ m P * . For the opposite case (p mξ), one may expand G and E 2 [50] appearing in the general expression, which leads to
Accordingly, the minimal value of m * , corresponding to ξ 1, is m * ≈ m P * / √ 2. In this limit, however, the local crossed field approximation sets in for the NLC and NLBW processes, when the probabilities and spectra depend solely on the parameter χ, but not on ξ, and all signatures of the effective mass vanish. Thus, the preferable range for the study of the effective mass influence is ξ ∼ 1. Since the effective mass is embedded in the kinematics associated with the NLC and NLBW processes, its fingerprint may be found in the corresponding spectra. In a previous work [48] we have examined in details the NLC probability for this field configuration. It was found that as long as ε mξ, the rate coincides to an excellent approximation with the one obtained with the semiclassical formula introduced by Baier and Katkov [51, 52] . Due to the crossing symmetry between the matrix elements of the Compton and Breit-Wheeler processes [53] , this conclusion holds for the NBW process as well. For this reason, we calculate here the rate according to the semiclassical expression. In this case, the probability to emit a photon with a four-momentum k = (ω , k ) reads
where α ≈ 1/137 is the fine structure constant,
and ε = ε − ω . The integrals I and T µ are defined as follows
where the phase reads ψ ≡ ε ε k · x(t), the velocity is υ µ = P µ /E and x(t) designates the classical trajectory. The probability associated with the NLBW takes analogous form where d is determined according to the trajectory of the electron in the presence of the field. It provides an explanation to the fact that for θ = 0 the effective mass coincides with that of the PWF, as seen from Eq. (1). In this case, the particle is simply moving in a circle in the (x-y)-plane while drifting along the z-axis, which is identical to the particle motion in a PWF.
In the applied scheme of Fig. 1 , a particle would experience REF rather than a standing wave only if it propagates along the antinode plane (perpendicular to the beams axis), namely with θ = π/2. On the other hand, we wish to detect the angle dependence of the effective mass. According to Fig. 2 , this dependence is slow and monotonous. Thus, finding another configuration corresponding to θ = 0 may be sufficient. As explained above, the latter case is theoretically equivalent to a particle in the presence of a PWF. Hence, our reference configuration would be a γ-photon interacting with a circularly polarized PWF with the same ξ value. Since for the PWF the effective mass depends solely on ξ, the angle between the γ-photon and the laser may be chosen according to convenience. In the following we assumed that this angle would be θ = π/2. Namely, the reference configuration is identical to the one presented in Fig. 1 , where only a single laser beam is active.
We start with the NLBW scattering. For this process to take place, the center of mass energy, E s = (sk + k ) 2 = √ 2s(k · k ) should exceed 2m * , where s is the number of absorbed field photons and their wavevector reads k = (ω, 0, 0, 0). This threshold suggests a simple way to measure the effective mass. Since for the set up illustrated in Fig. 1 we have k · k = ωω , the threshold energy for the incoming γ-photon is
Accordingly, increasing ω for fixed laser parameters leads to a discrete change in the number of allowed channels in the vicinity of ω s , leading to an abrupt jump in the total probability. In order to detect this discontinuity two requirements should be fulfilled. First, the laser normalized amplitude should lay in the perturbative regime (i.e. ξ 1), so that high harmonics are inhibited and the main contribution originates from the s th channel under consideration. Second, the threshold ω s should be remote from the sequential one ω s+1 , so that the influence of the s th channel would be distinguishable. Therefore, as Eq. (5) implies, low harmonics are preferable. The total probability of pair production in dependence of the incoming γ-photon energy is shown in Fig. 3(a) . Since high ω of γ-photon energies are difficult to achieve, we propose to increase ω by using harmonics of the laser radiation, and consider the following laser parameters: ξ = 0.4, ω = 4.65 eV, corresponding to the 3rd harmonic of Ti:S laser with intensity of 6 × 10 18 W/cm 2 . As mentioned above, observing effective mass effects requires multi-cycle pulse. A 10 cycle pulse with the desired intensity focused on a spot with diameter of 10 wavelengths corresponds to 4 mJ, which is realizable with the present laser technique [54] . The γ-energies lay in the same GeV-range as those achieved in the E-144 experiment [22, 23] . One may observe that the thresholds are ω 2 = 65.2 GeV for θ = 0, and 60.5 GeV for θ = π/2, which using Eq. (5) correspond to m * (θ = 0) = m P * and m * (θ = π/2) = 0.96m P * , in accordance with Eq. (1). Notice that for θ = 0 the quantum parameter is χ = ξωω /m 2 whereas for θ = π/2 it reads ξωω /m 2 sin(ωt). Accordingly, the average value of χ is lower in the second case and so is the corresponding rate.
Another indication to the effective mass may be observed in the spectrum of the created pair, as follows. From the energy momentum conservation sk µ +P µ =P µ + k , a restriction on the outcoming particles energy arises [50] . For a given number of absorbed photons s, one may show that
where s 0 = 2m 2 * /(ωω ). As an example, the spectral probability associated with the created pair is depicted in Fig. 3b . The γ-photon energy is 50 GeV and the laser parameters as described above. The widths of the 3rd harmonic are ∆ 3 = 0.34ω , 0.43ω for θ = 0, π/2 respectively. Employing (6) one obtained the same effective mass values written above.
Furthermore, the effective mass is manifested in the NLC spectra (the PWF case was discussed in [30] ). A straightforward kinematic calculation [50] , shows that for a given s, the emitted photon has a cutoff energy, known as "edge"
whereῡ is the absolute value of the cycle-averaged velocity. As a result, the effective mass affects the edge location. In principle, since the effective mass is momentum-dependent (as shown in Fig. 2) , it may differ for the incoming and outcoming particles. We study the process in the classical regime, χ 1, because the regime where both ξ ∼ 1 and χ ∼ 1 are fulfilled would require very high frequency colliding laser beams (with photon energies of MeV range, which is beyond contemporary . As a reference, the prediction of Eq. (7) for the limiting cases m * (p = 0) (dash-dotted blue line) and m * (p mξ) (dashed green line). experimental reach). As a result, the recoil is negligible (p ≈ p ) and therefore effective mass of the incoming and outcoming electron are the same. The emission properties of a particle propagating in the electric field plane may be measured in a set up similar to the one in Fig. 1 , where the γ-photons are replaced by high energy electrons. A notable fact is that the NLC process has no threshold, as opposed to the NLBW discussed above. Namely, all possible channels s are allowed, regardless of the incoming electron energy. Consequently, the first harmonic of the Ti:S laser as well as a modest electron energy are sufficient. Furthermore, the NLC spectrum is less sensitive to increase in the field amplitude ξ as compared to the NLBW one. As a result, one may use higher values of ξ without losing the edge structure. These two facts allow one to explore the edge structure and thus the effective mass for p ∼ mξ. In this regime, as opposed to the p mξ case discussed above, the effective mass depends not only on θ but on p as well (see Fig. 2 ). , corresponding to ξ = 2. The particle initial momentum is p/m = 20. One may see that the harmonics edges become smeared with increasing s. As a result, it is convenient to take a closer look at the first harmonic only. The edge locations corresponding to θ = 0 and θ = π/2 are ω e = 0.26 keV and ω e = 0.4 keV, respectively. From Eq. (7) one may calculate the effective masses m * (θ = 0) = m P * , m * (θ = π/2) = 0.77m P * , in agreement with the prediction of Eq. (1). As in the NLBW case, the average value of χ is smaller for θ = π/2, leading to a lower spectrum. By varying the incoming electron momentum one may observe the shift of the edge location. The shift of the edge from the calculated spectra is summarized in Fig. 4(b) . From the latter the effective mass is deduced using Eq. (7), which is in accordance with the function m * (π/2, p/m) presented in Fig. 2(a) and calculated from the classical trajectory. As a reference, the prediction of Eq. (7) for constant effective mass values corresponding to the limiting cases p = 0 and p mξ are shown in Fig. 7 (b) as well. As expected, the curve obtained from the edge location shift (solid red line) interpolates continuously between the two other ones.
Concluding, the emergence of a momentum-dependent effective mass in the presence of a strong REF has been demonstrated. As a result, the pair production threshold by a γ-photon and the harmonic edges in the pair spectrum, depend on its angle with respect of the field plane. Moreover, from the edges of the photon emission spectrum of an electron in the presence of this field, the momentum-dependence of the effective mass could be measured. These predictions may be put to the test with present day facilities.
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I. TRAJECTORY
In the semiclassical formalism, employed in this paper, the classical trajectory of the particle is the cornerstone of the rate calculation. Let us calculate explicitly the trajectory of an electron moving in a rotating electric field (REF), described by a vector potential A(t) = a(cos ωt, sin ωt, 0). The particle location is given by
Due to the canonical momentum conservation, the kinetic momentum is straightforwardly derived
and using the dispersion relationship E(t) = P 2 (t) + m 2 , one arrives at
where tan ν = p y /p x . It may be represented as
where the following quantities are introduced
and
Substituting the explicit expression for the energy into Eq. (1), one obtains the particle coordinate. Its x component reads
A variable change φ ≡ (ωt − ν)/2 yields
The latter takes the form
where the following integrals are defined:
and x = ωt/2. These integrals admit analytical solution
where E 1 (x|µ), E 2 (x|µ) are the incomplete elliptic integral of first and second kind, respectively
Analogously, for the y component of the coordinate one obtains
which reads
The vector potential has no z component, so for z(t) we simply have
In addition to the trajectory, the average velocity is required as well for the purpose of rate calculation. Applying the definitionῡ x ≡ [x(T ) − x(0)]/T , where T = 2π/ω, we obtain
One may easily find
where the complete elliptic integrals are given by E 1 (µ) = E 1 ( ) . Accordingly, the x component of the average velocity takes the form
Similarly, the other components are given bȳ
II. APPROXIMATED EFFECTIVE MASS
As explained in the main text, the effective mass is defined as √P 2 . SinceP = p we have
The cycle-averaged energy is given bȳ
In the following we would like to Taylor expand the effective mass for p mξ. As we show below, the first order vanishes and, therefore, we evaluate it up to second order. We introduce the following quantities
G, µ defined above read in terms of these variables:
Substituting Eqs. (32) and (31) into Eq. (29), one finds
One may notice that up to third order
As a result, up to second order, we may expand with respect to δ instead of mξ/p. Employing the following Taylor expansions
and substituting Eq. (33) 
where m P * = m 1 + ξ 2 . Since
one may see that Eq. (37) becomes
III. NONLINEAR COMPTON SCATTERING
A. Probability
As demonstrated in [1] , under the condition ε mξ, the quantum and semiclassical [2, 3] approaches coincide. Since the latter allows for simpler calculation, it will be used in this work. According to this approximation, the probability of a Dirac particle to emit a photon with a four-momentum k is given by
where x µ = [t, x(t)] and x(t) is the particle classical trajectory found above. The prefactor is given by
It should be mentioned that this expression already contains averaging over the incoming electron spin and summing over the outgoing electron (photon) spin (polarization), respectively. Since υ υ υ(t 1 )υ υ υ(t 2 ) − 1 = −υ µ (t 1 )υ µ (t 2 ), Eq. (40) can be cast in the following form
where
